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Abstract 

We discuss toroidal orbifolds of the x E'g heterotic string, in which the 
free fermionic Higgs-matter spHtting is implemented by a shift in the internal 
lattice coupled with the fermion numbers of the gauge degrees of freedom. We 
consider models in which some choices of the orbifold result in the projection 
of the graviton. In the models that we consider the projection also results in 
flipping the spin-statistics assignments in the massive string spectrum, whereas 
the massless spectrum retains the conventional spin-statistics assignments. We 
argue that the partition functions are mathematically consistent for one- and 
multi-loop amplitudes, owning to the existence of supersymmetry in the spec- 
trum. A duality between different models at nonzero temperature is briefly 
discussed. 
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1 Introduction 



The Standard Model of particle physics is a non-supersymmetric renormalizable 
point-like quantum field theory and it accounts successfully for all sub-atomic experi- 
mental data to date. On the other hand, gravity, which describes physical phenomena 
at the celestial and cosmological scales cannot be formulated consistently as a non- 
supersymmetric point like quantum field theory. However, there is nothing sacred 
about the point-like idealisation of elementary particles. The mundane generalisa- 
tion of point-like particles to strings provides a framework for a consistent common 
formalism of gravity and the sub-atomic interactions. Indeed, string theory gives 
rise to phenomenological models that are used to explore how string theory connects 
to contemporary experimental data. An important step in the development of string 
theory was obtained by the understanding that the five different supersymmetric ten 
dimensional theories, as well as eleven dimensional supergravity, may be related by 
perturbative and nonperturbative duality transformations [1,2]. However, it is well 
known that string theory gives rise to a number of nonsupersymmetric ten dimen- 
sional vacua that may be tachyonic or non-tachyonic [3,4]. It is plausible that the 
resolution of some of the phenomenological issues facing string theory, in particu- 
lar in relation to the cosmological evolution and vacuum selection, will be gained 
by improved understanding of these non-supersymmetric vacua and how they fit in 
the fundamental theory that underlies the string theories. Furthermore, it is likely 
that progress can be achieved by exploring some of the features of these vacua in 
connection with the phenomenological string vacua. 

In this paper we therefore pursue this line of exploration. The relevant class 
of phenomenological string vacua are the quasi-realistic heterotic-string models in 
the free fermionic formulation that are related to x Z2 orbifold models. Quasi- 
realistic orbifold models have been constructed primarily by using bosonic techniques 
(see e.g. [5] and references therein), that provide a better insight to the underlying 
geometry. There is crucial distinction, however, between the models based on the 
fermionic techniques and those based on the bosonic techniques in that the latter 
start from the E'^ x heterotic-string and compactify six dimensions on an internal 
manifold, whereas the fermionic models are formulated directly in four space-time 
dimensions. In particular, the fermionic models utilise a projection that is reminiscent 
of the projection from the ten dimensional E^ x E^ vacuum to the 5*0(16) x 5*0(16) 
one. The important consequence of this projection in the quasi-realistic fermionic 
orbifold models is that it breaks the E'g GUT symmetry to 5*0(10) x U{\) and 
splits the spinorial (matter) and vectorial (Higgs) representations [6]. In ref. [7] it 
was shown how the two partition functions pertaining to the four dimensional free 
fermionic models with x E^ and 5*0(16) x 5*0(16) gauge groups can be connected 
by an orbifold projection. A route to improve the understanding of phenomenological 
string models can be achieved by implementing this projection in the corresponding 
bosonic orbifold constructions. In this paper we undertake this task. In the pursuit 
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of this analysis we will explore a slight variation of our initial orbifold that will open 
up new vistas. The slight variation is a discrete change of a sign in the orbifold action 
that results in a partition function that does not contain gravity at all, i.e. it is a 
"little heterotic string", in this sense the model under consideration is similar to the 
little string theories considered previously (see for example [8,10,11] and references 
therein). Yet, it corresponds to a modular invariant critical string theory, i.e. it is a 
consistent string vacuum. In the spirit that we espouse here, in order to improve our 
understanding of string theory, it is vital to explore all the consistent string vacua 
and not merely those that may be phenomenologically relevant. 

While the orbifold projection is a discrete choice, it is often seen that it can 
arise from discrete choices of vacuum expectation values of background fields. In 
this respect the a priory distinct vacua may be connected by continuous variation 
of the background field. While in the effective field theory limit the two vacua are 
distinct and cannot be connected, at the string level massless and massive states are 
exchanged by duality transformations. This is the view for example in the case of the 
spinor- vector duality recently observed in free fermionic heterotic string models [12]. 
Following this lead and by compactifying the time coordinate we investigate the 
possibility that the two partition functions can arise from suitable choices of the 
background parameters and argue that this is in fact possible. The implication is 
that the graviton is not different from any other string mode. Namely, it can be 
exchanged between the massive and massless spectrum and can be viewed as arising 
dynamically by some suitable choice of specific background parameters. 

2 Elements of free fermionic models 

In this section we highlight the features of the free fermion models that will be 
exploited in subsequent analysis. In the free fermionic formulation of the heterotic 
string in four dimensions all the world-sheet degrees of freedom required to cancel 
the conformal anomaly are represented in terms of free fermions propagating on the 
string world-sheet [13]. In the light-cone gauge the world-sheet fermion field con- 
tent consists of twenty real fermions in the supersymmetric sector and forty-four 
real fermions in the non-supersymmetric sector. Under parallel transport around a 
non-contractible loop on the toroidal world-sheet the fermionic fields pick up a phase, 
/ —e^'^°'(f) f . Q.{f) G (—1,+!]. Each set of specified phases for all world-sheet 
fermions around all the non-contractible loops is called the spin structure of the 
model. Such spin structures are usually given is the form of 64 dimensional bound- 
ary condition vectors, with each element of the vector specifying the phase of the 
corresponding world-sheet fermion. The basis vectors are constrained by string con- 
sistency requirements and completely determine the vacuum structure of the model. 
The physical spectrum is obtained by applying the generalised GSO projections. 

The boundary condition basis defining a typical "realistic free fermionic heterotic 
string model" is constructed in two stages. The first stage consists of the NAHE 
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set, which is a set of five boundary condition basis vectors, {1, S", 61, 62, ^'3} [14]. 
The gauge group after imposing the GSO projections induced by the NAHE set 
is SO(IO) X S0(6)^ X Eg with N = 1 supersymmetry. The space-time vector bosons 
that generate the gauge group arise from the Neveu-Schwarz sector and from the 
sector ^2 = 1 + bi + b2 + bs. The Neveu-Schwarz sector produces the generators of 
SO(IO) X S0(6)=^ X S0(16). The 6-sector produces the spinorial 128 of S0(16) and 
completes the hidden gauge group to Eg. The second stage of the construction con- 
sists of adding to the XAHE set three (or four) additional boundary condition basis 
vectors, typically denoted by {a,(3,j} [15]. These additional basis vectors reduce the 
number of generations to three chiral generations, one from each of the sectors 61, 
62 and 63 and simultaneously break SO{10) to one of its subgroups SU(5) x U(l), 
S0(6) X S0(4), SU(3) X SU(2) x \J{lf or SU(3) x SU(2)2 x U(l). 

The correspondence of the NAHE-based free fermionic models with the orbifold 
construction is illustrated by extending the NAHE set, {1, S, 61, 62, ^3}, by one addi- 
tional boundary condition basis vector [16] 

ei = (0,---,0| l^_^,0,---,0). (2.1) 

With a suitable choice of the GSO projection coefficients the model possesses an 
S0(4)^ X Eg X U(l)^ X Eg gauge group and = 1 space-time supersymmetry. The 
matter fields include 24 generations in the 27 representation of Eq, eight from each 
of the sectors &i © &i + ^1, &2 © &2 + and 63 ® 63 + ^1. Three additional 27 and 27 
pairs are obtained from the Neveu-Schwarz © ^1 sector. 

To construct the model in the orbifold formulation one starts with the compacti- 
fication on a torus with nontrivial background fields [17]. The subset of basis vectors 

{1,-5,6,6} (2.2) 

generates a toroidally-compactified model with N — A space-time supersymmetry 
and S0(12) x Eg x Eg gauge group. The same model is obtained in the geometric 
(bosonic) language by tuning the background fields to the values corresponding to 
the S0(12) lattice. The metric of the six-dimensional compactified manifold is then 
the Cartan matrix of S0(12), while the antisymmetric tensor is given by 

{Gij ; i> j, 
■ i = j, (2.3) 
-Gij ; i<j. 

When all the radii of the six-dimensional compactified manifold are fixed at 
Ri = \/2, it is seen that the left- and right-moving momenta P/, ^ = [mi — 
^{Bij±Gij)nj]e^* reproduce the massless root vectors in the lattice of S0(12). Here 
e* = {e[} are six linearly-independent vielbeins normalised so that (e,)^ = 2. The ej* 
are dual to the Ci, with e* • Cj = Sij. 
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Adding the two basis vectors bi and 62 to the set ( 12.21) corresponds to the Z2 x Z2 
orbifold model with standard embedding. Starting from the Narain model with 
S0(12) X Eg X Eg symmetry [17] and applying the Z2 x Z2 twist on the inter- 
nal coordinates, reproduces the spectrum of the free-fermion model with the six- 
dimensional basis set {1, S, ^1, ,^2, &2}- The Euler characteristic of this model is 48 
with hii = 27 and /i2i = 3. It is noted that the effect of the additional basis vector ^1 
of eq. (12. ip is to separate the gauge degrees of freedom, spanned by the world-sheet 
fermions {ijj^'"' , fj^ , f]"^ , f]^ , (j)^'"' , from the internal compactified degrees of freedom 
{y,Lj\y,uj}^'"' . In the "realistic free fermionic models" this is achieved by the vector 
27 [16] 

27 = (0,---,0| 1^_^ ,0,---,0), (2.4) 

^i,.--, 5^^1,2,3^1,. ..,4 

which breaks the Eg x Eg symmetry to S0(16) x S0(16). The Z2 x Z2 twist breaks 
the gauge symmetry to 80(4)^ x SO(IO) x U(l)^ x S0(16). The orbifold still yields a 
model with 24 generations, eight from each twisted sector, but now the generations 
are in the chiral 16 representation of SO(IO), rather than in the 27 of Eg. The same 
model can be realized with the set {1, S, ^1, ^2, ^i, ^2}, by projecting out the 16 © 16 
from the ^i-sector by taking 

This choice also projects out the massless vector bosons in the 128 of S0(16) in the 
hidden-sector Eg gauge group, thereby breaking the Eq x Eg symmetry to SO(IO) x 
U(l) X S0(16). The freedom in (12. Sp corresponds to a discrete torsion in the toroidal 
orbifold model. At the level of the = 4 Narain model generated by the set (12. 2p . 
we can define two models, Z+ and Z_, depending on the sign of the discrete torsion 
in eq. ( 12. 5p . The first, say Z+, produces the Eg x Eg model, whereas the second, say 
Z_, produces the S0(16) x S0(16) model. However, the Z2 x Z2 twist acts identically 
in the two models and their physical characteristics differ only due to the discrete 
torsion eq. (12.51) . The partition functions corresponding to the Z_ and vacua are 
given respectively by 

Z^ = {Vs -Ss) X [ (IO12P + \Vi2\^ ) (OieOie + ^16^16) 
+ (1^12^ + \Ci2^ ) {SjeSie + VjeVje) 
+ {Oi2Vi2 + VuOu) {S_wV_m + VmSie) 
+ {Si2Ci2 + CuSu) (OieCie + 0,^0,^)] (2.6) 

and 

Z+ = (1^8 - Ss) [\0^2\' + 1^121' + 1^12!' + |Ci2r] {0,Q + S,e) {0,, + S,e) , (2.7) 
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depending on the sign of the discrete torsion in eq. (12 .Sp . Here we have written Z± 
in terms of level-one S0(2n) characters (see, for instance [18]) 

/ Jm Jin 
0,n = ' 



V2n - 2 



2 \ '/y^ 

1 / ^2 



(„Qra „Qra 

These two models can actually be connected by the orbifold 

Z_ = Z+/a®6, (2.9) 

with 

a = (-l)4"^+^ei, 

h = (_l)4"'+^e., (2.10) 

where F™* is a fermion number in the internal lattice and F^^ , F^^ are fermion num- 
bers acting in the observable and hidden gauge sectors, respectively. The orbifold 
projection given in eqs (12.91) and (12.101) is defined at the free fermionic point in the 
moduli space since Z+ and Z_ are expressed at this point. However, it can be gener- 
alised to arbitrary points in the moduli space and hence can be employed to construct 
orbifold models that originate from the Z_ partition function, in analogy to the case 
in the free fermionic constructions. Let us consider for simplicity the case of six 
orthogonal circles with radii The partition function reads 



Z+ = {Vs -Ss) Ij2 ) (^16 + Sw) (Oi6 + Sie) 

\m,n / 



(2.11) 



where as usual, for each circle, 



m,- mR 



and 



a _2 _a' 9 



Am,n = ^^— ^ ■ (2.13) 

\v\ 

In the case of one compactified dimension the Z+ partition function is given by 
Zl^ = {Vs - Ss) Am,n (O16 + S,e) (O16 + Sie) • (2.14) 
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Applying the orbifold projections 



a 
h 



'-If ^^5^ 
'-If ^-6^ 



(2.15) 



where dx^ = xg + TcR, = {?/'^' ' '^, r/^'^'^} and ,^2 = {0^' "''^}, in produces the Z^"^ 
partition function given by 

= y/T^Zhos.iVs — Ss) [ ^2m,n {O iqO IQ + C iqC iq) 

+ A2m+l,n (5'l6>S'i6 + ^le^ie) 

+ ^2m,n+^ ('S'le^ie + ^le'S'ie) 
+ ^2m+i,n+^ {OwCie + CieOie) . 

(2.16) 

We note here that the shift given by 6 differs from the shifts that were found in ref. [7] 
to reproduce the partition function of the 5*0(12) lattice at the maximally symmetric 
free fermionic point, given in eg. ( 12. 70 . Since the string on a compactified coordinate 
contains momentum and winding modes, one can shift the coordinate along either 
and also allow shifts that mix the momentum and winding modes. Indeed, the precise 
identification of the lattice at the free fermionic point is obtained for shifts that mix 
momentum and winding modes. Here, we restrict ourselves to the simpler shifts and 
incorporation of other shifts is left for future work. 

The partition function from the free fermion model {1,5, ^i,'C2}, with l + 5' + .^i + 
6 = {y^,^^ I is given b}0 



^9d 



24 

+ 

+ 



(^3 - ^4 - ^2 - ot) W + W + \02\' + \ei\') (^T + + + ^1') 



i^2p+i^ir) 



^1^1 + m + c( ^; ) m + m) 
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i^^3r+i^ir)+^4i'+i^3 



m + m + c( m + m) 



In terms of the characters given in eq. (12.81) we have 

Z+ = (Vg - 58) (IO2I' + + |52p + \C2?) (O16 + 5i6) (O16 + 5i6) 



(2.17) 
(2.18) 



and 



Z^ = {V^-Ss) X [(|02|' + |r2|') (OieOie + CieCie) 



^We included the terms with 9i to facihtate the translation to the characters given in eq. (|2.8p 
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+ {O2V2 + V2O2) (^leFie + Fi6:Si6) 

+ (-52^2 + C2:S2) (OieCie + CieOie)] . (2.19) 
In this case the orbifold operation is 

b = , (2.20) 

where F^^ acts on 9**^ dimension. 

2.1 lOD case 

We comment here on the ten dimensional case. The free fermionic model is 

{1,^1,6}, with 1 + ^1 + 6 = -5. 

1 

% 



^6 



+ 
+ 



I) {91 + 9t) - 9t 



9i 



{m + elel) 



^}] {el - et) - el - d \m + mi + cf^') (^1^1 + m) 



(2.21) 
(2.22) 

(2.23) 

(2.24) 

with F the space-time fermion number and 2 before. The choice for the discrete 
torsion is " — ". The projection in the ten dimensional case reproduces the partition 
function of the non-supersymmetric 50(16) x 5*0(16) heterotic string. Thus, we 
note that in the free fermion model the same discrete choice of the phase c(^^) is 
employed in the ten dimensional and four dimensional models. 



In terms of S0{2n) characters Z+ and Z_ are respectively given by 

Z+ = (^ - 5-8) (O16 + 5i6) (O16 + 5i6) 

and 

Z- — Vs (OieOie + OieOie) — Ss {SiqSk^ + Kiel^ie) 

+ Og {SiqViq + ViqSiq) — Cg (OiqCiq + OieOie) 

The projection implemented in Z+ is 



(-1) 



F+Ff 



b = (-l)^+^«s 
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3 Little heterotic strings 



In this section we explore other orbifold projections induced by the orbifold given 
in eq. (12.15^ . We comment that the new partition functions that we construct 
are mathematically consistent in the sense that they satisfy modular invariance and 
world-sheet supersymmetry. Furthermore, they admit the Jacobi theta-function 
identity on the world-sheet supersymmetric side. Therefore, the spectrum possesses 

= 4 space-time supersymmetry and the partition function in identically zero. Con- 
sequently, supersymmetric non-renormalization theorems indicate that these string 
partition functions are mathematically consistent also at multi-loops. However, these 
string solutions are not physical in the sense that the graviton and gauge vector 
bosons are projected out by the GSO projections. Additionally, the conventional 
spin-statistics assignments, while they hold for massless states, are flipped for mas- 
sive states in the string spectrum. Hence, the partition functions that we present 
below do not give rise to physical vacua and corresponding low energy effective field 
theories. Nevertheless, in our judgement they do correspond to mathematically con- 
sistent solutions in the sense articulated above and their role for a complete under- 
standing of string theory is therefore important. We comment that in terms of free 
fermion it is well known that the condition c(^'^) = 6bj guarantees the existence of 
the graviton in the spectrum. Analysis of partition functions that do not satisfy this 
condition has not been presented to date. 

The partition function of the Eg x Eg heterotic string in ten dimensions compacti- 
fied on a generic six torus is shown in eq. (12. lip . We introduce a shift in one compact 
dimension 



where F^^ is the fermion number in the sector describing the first Eg gauge group 
and is the fermion number in the sector describing the second Eg gauge group. 
One can consider different options for the signs of the elements of the orbifold group. 
Different choices will obviously lead to different partition functions after orbifolding 
of the initial model. We introduce the projection operator 



and proceed with the choice of the minus sign in the first projector of eq. (13. 2p . 
The full partition function which is obtained from (12.111) and is invariant under the 
orbifold group is given by 



and consider the corresponding shift orbifold generated by the elements 

(1, {-I f ^^6, {-I f ^-6, (-l)^^i+^«^) = (1, a, b, ah) , 



(3.1) 




{IT(-I) 



^«i5+(-l)^«2 5^(-l)^ei+^«2} (3.2) 



•tot — 



Zoo + + y^(-^io + Zii) + Co Zj 



(3.3) 
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where i,j G {—a, b, —ab} and the constant Cq is the discrete torsion which can assume 
values ±1. The first two terms in (13.30 correspond to the untwisted sector of the 
orbifold and are given by 

Zo = Zoo + ^ ] Zoi = Zo^o ^ Zo^ab ~ Zo^a + -Z^o.fo (3-4) 

i 

or exphcitly 

Zo = ^(^8 - ^8)AlA2A^m',n'Am,n[ (Oi6 + 5i6)(Oi6 + ^ig) 

- (Oi6-:Sl6)(Ol6-^16) 

+ (-l)'-{-(Oi^- 5i6)(Oi6 + 5i6) 

+ (Oi6+:Si6)(Oi6-:Si6)}]. (3.5) 

In a similar way the last two terms in ( 13. 3p correspond to the twisted sector and they 
read explicitly 

y^(-^to + 'Z'ii) = —Za^o + -Z^b.o ~ Zab,o ^ -^a.a + -2^6,6 ~ Zab,ab ; (3-6) 
i 

= ^a,6 + a + Zab,a + ^afe,6 + ^b,a6 + ^a.afe- (3.7) 

Below we choose the value of Co to be +1. Let us note also that if one takes the 
sign + in the projection (I3.2p then all terms in equations (13.41) . ( 13.61) . ( 13.71) which 
have the sign — will change it to +. It is straightforward to check that the partition 
function (|3.3p is invariant under S and T transformations, as well under the action 
of the orbifold group. Putting all these into (13. 3p we finally obtain 

Z- = (Vs — 5'8)AiA2Am',n' [ ^2m,n {SieOiQ — CiqCiq) 

+ A2m+l,ra {OiqSiq — VieVie) 

+ ^2m,n+| ('S'leC'ie ~ CiqOiq) 

+ A2m+i,n^ (OieFie - Fie^ie)] . (3.8) 

From the expression above one can see that the zero mass spectrum of the model 
does not contain the graviton because of the absence of the term OiqOiq in the right 
sector. By similar reason there are no gauge degrees of freedom either since the 
adjoint representation of the gauge group has been projected out as well. Essentially 
one ends up with a number of scalar, vector and fermion fields in the zero mass sector. 
On the other hand, if one takes the second (+) sign in the equation (13. 2p . one obtains 
the model described by a partition function 

Z'_ = (Vg — 5'8)AiA2Am',n' [ A2m,n {OiqOiq + CiqCiq) 

+A2m+i,n ('S'le'S'ie + ^le^ie) 

+^2m+l,n+i(^165'l6 + 5*16 Vie)] , (3.9) 
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with Co = +1, which contains both gravity and Yang-Mills fields as its massless exci- 
tations. Therefore, we observe that starting from the Eg x Eg heterotic superstring 
and performing different orbifold projections one can obtain mathematically consis- 
tent heterotic-string solutions with or without gravity and Yang-Mills fields. We 
note from eq. ( 13. Sp that the second term in each row has the opposite sign in terms 
of space-time spin statistics. All the states with the "wrong" space-times statistics 
are massive string states, whereas the massless states satisfy the conventional spin- 
statistics assignments. Clearly, therefore, the partition function does not give rise to 
a physical vacuum with a local effective field theory limit. The violation of the spin- 
statistics assignments indicates the presence of ghosts in the spectrum and may signal 
mathematical inconsistency of this solution for one-loop, or multi-loop amplitudes. 
However, owing to the Jacobi identity on the supersymmetric side of eq. (13.80 the 
spectrum is supersymmetric and tachyon free. Consequently, the one-loop partition 
function in eq. (13. Sp vanishes exactly, whereas supersymmetric non-renormalization 
theorems indicate that multi-loop amplitudes are not renormalized. In the next sec- 
tion we perform a further Z2 orbifold projection of eq. (13. 8p and discuss the spectra 
in more details. 

As a second example of a little heterotic string we consider the orbifold of (12. lip 
by the projection operator given by 

' - X l^i^ = l{i _ . + (-1)-.+-.} ^ (3.10) 

In this case the resulting partition function for the case with Cq = — 1 is given by 

Z_ = {Vs — Ss)AiA2Am',n'[ ^2m+l,n {O iqO iq + C iqC iq) 

+ A2m,n ('S'i6>S'i6 + V^ie^ie) 

~ ^2m,n+| {CiqOiq + OiqCiq) 

- ^2m+i,n+i {SieVie + VieSie)] . (3.11) 

We note from the first line of eq. ( 13. lip that in this case the OieOie term on the 
non-supersymmetric side, that gives rise to the graviton and gauge vector bosons, is 
present. However, this term couples to A2m+i,n in the compactified shifted lattice, 
which is massive at generic points in the moduli space, and gives rise to massless 
states at the enhanced symmetry point with R = y/a'. Also in this case the graviton 
and the gauge vector bosons are not among the massless states. From the third 
and fourth rows of eq. (13. lip we note again that the massive states produced by 
this partition function do not satisfy the physical spin-statistics assignments. In this 
model the states with the "wrong" statistics couple to a lattice with winding modes 
shifted by 1/2 and hence there are no zero modes with the wrong statistics. We note 
in these examples a link between the projection of the graviton and the assignments of 
"wrong" statistics in the massive string spectrum. As we argued above, while clearly 
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non-physical, this does not signal a mathematical inconsistency of these solutions for 
one- or multi-loop amplitudes, due to existence of supersymmetry in the spectrum, 
owing to the Jacobi identity on the supersymmetric side. One can further contemplate 
in the case of (13.111) the breaking of = 4 to iV = 2 and iV = 1 by ^2 twists of the 
internal lattice and the possibility that the resulting spectrum in the twisted sectors 
is physically sensible, i.e. that the massless twisted states satisfy the conventional 
spin-statistics assignments. 



4 Z2 projection 

In this section we consider the Z2 orbifold of the partition function (13.81) . The Z2 
is generated by the elements {l,h) where h acts on the coordinates of the internal 
tori as 

Z, ^ e^-Zi , Z2 -> e'^Z2 , Zs^Zs . 

As in the case of the standard embedding the element h acts non-trivially on the gauge 
degrees of freedom of the heterotic string as well. For this reason it is convenient to 
decompose the S0{2n) characters in such a way to keep O4, V4, 5*4 and C4 factors 
(on which the element h acts non-trivially) explicit. In particular the Zoo part of the 
partition function or equivalently the partition function (13. 8p can be rewritten in the 
form 

Zoo = ^[V^Oi + OiVi-S,Si-CiC,] A,A2Am',n' (4.1) 

x{(A2m,n + ^2m,n+^)i^4:Sl2 + C*4Ci2 — SiCi2 — C'45'i2)(Oi6 + Cig) 
+ (A2m,n — ^2m,n+^)i^4:Sl2 + C4^Ci2 + 'S'4Ci2 + C4S'i2)(Oi6 — Ciq) 
+ (A2™+l,n + A2^+i,,+ i)(040i2 + F4F12 - F4O12 - 04Vi2)(Sw + Fig) 
+ (A2™+1,„ - A2m+l,n+^)(040l2 + F4F12 + F4O12 + 04Vi2)(Sie - Fig)}. 



In order to obtain Zot = hZoo let us recall how the operator h acts on the S0{2n) 
characters. In particular we have 

O4 — > O4 , V4 — >■ — V4 , 5*4 — > — S'4 , C4 — >■ C4 

and 

O16 = O4O12 + W12 ^ +O4O12 - W12, 

Vie = V,Ou + 0,Vu^-V,Ou + 0,Vu, 

5*16 = >S'4S'i2 + C*4Ci2 — > — »S'4S'i2 + C*4Ci2, 
C16 = >S'4Ci2 + C4S12 — ^ —S4C12 + 045*12. 
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We also need to take into account that /;,(AiA2) Iffl^- Therefore we obtain 

= l[-V,0, + 0,V, + S,S,-C,C,]A^,y&^ (4.2) 

4 (72 

x{(A2m,n + A2m,n+i)(~*S'4S'i2 + C4C12 + >S'4Ci2 — C4^Si2){OiQ + Ciq) 
+ (A2m,n ~ A2^ )( — 5'4S'i2 + C4C12 — S4C12 + C4S'i2)(Oi6 — Ciq) 
+ {A2m+l,n + A2„+i,„+i )(040i2 - F4F12 + F4O12 - 04Fi2)(Fi6 + ^le) 
+ (A2m+l,n - A2„+i,„+i )(040i2 - F4F12 " F4O12 + 0,V^2)(Sle " Fig)}. 



The massless contributions are given by 

O4V4 — C4C4 S 12O1Q V4O4 — S'4>S'4 



(4.3) 



since left and right contributions give 



C4C12O16 6-0 'S'4S'i20i6 g_o 
=8 ^ 9 , =8 ^ ? > 

T) rj 

^^4g°, ^~4g°, ^ ~ V. 

From the expressions above one can read the content of the massless spectrum in 
terms of the six dimensional = (1, 1) (which gives D = 4 = 4 supersymmetry 
upon the dimensional reduction to four dimensions) SUSY multiplets. In particular 
one has 2® massless (1, 1) multiplets, whose bosonic part contains one vector and four 
scalar fields. 

In order to obtain the partition function in the twisted sector one should apply 
the chain of transformations 

Zho = SZoii , = TZho • 

Doing so, one finally obtain^ 

^ho = W4 + 54^4-04^4 + C404]A„,,„, X 161^1^ (4.4) 

4 [74 

X { (A2™,„ + A2„,„+i) (04^12 - O4C12 - F4512 + F4C12) (O16 + Cie) 

+ (A2m+l,n + ^2m,+l,n+^)i^4.0i2 — 5*41^12 + C 4V 12 — C40i2)(>S'i6 + V 1%) 

+ {^2m,n - ^2m,n+l)(04Sl2 + O4C12 + F45i2 + F4Ci2)(Oi6 - Ciq) 

+ (A2m+l,n — ^2m+l,n+^)i^4:Oi2 + S^Vu + C4O12 + C4V^i2)(5'i6 — V^ie)}; 



^In order to perform S transformations it is convenient to rewrite CC — SS = ^{{C — S){C + 



S) + (C + S){C - S)) etc. 
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^hh = l[-V,C, + S,V, + 0,S,-C,0,]Am',n'y<lQ\jJ' (4.5) 

X I (A2m,n + A2„,„+i)(-045l2 + O4C12 - ^4^12 + V4Ci2)(Oi6 + Cig) 
+ (A2m+l,ra ~ A2„_|_;^ )(S'40i2 + >S'4V"i2 — C4V"i2 — C40i2)(5'i6 — Viq) 
+ (A2m,n — ^2m,n+^)i~0'iSl2 " O4C12 + V4,Si2 + V4Ci2){OiQ — Ciq) 
+ (A2m+l,n + Aj^+in+i) (5*4012 — 5*4^12 + C4O12 — C4,Vi2){SiQ + V^ie)}- 

The massless contributions are given by 

04Sl20ie O4S4 — C4O4 / A r-\ 



since left and right contributions give 



C4C12O16 „5_o 04S'4 Q C4O. 



5 Q K^4LJ4 K^4K^4 

4 



As it was for the case of the untwisted sector one can group the massless spectrum 
in terms on six dimensional supersymmetry multiplets. In the twisted sector one has 
D = Q N = 1 supersymmetry (which gives D = A N = 2 upon the reduction to four 
dimensions) and the massless spectrum forms 2^ half-hypermultiplets. 

Repeating similar steps for the model (13.91) one obtains the following massless 
contributions. In the untwisted sector one has N = 2 D = 6 SUGRA multiplet and 
Yang-Mills multiplet 

O4Q12Q16 041^4 - C4C4 F4F12O16 V4O4 - S4S4 

O4F12F16 ^ 04^4 - C4C4 F4O12F16 ^ V4O4 - S4S4 

and in the twisted sector one has N = 1, D = 6 half hypermultiplets 

C4V12O1Q O4S4 — C4O4 S^O^OiQ O4S4 — C4O4 



5 String Thermodynamics 

In order to study further various properties of the model such as the asymptotic 
density of the states, the Hagedorn transitions etc., one can consider the string ther- 
modynamics at nonzero temperature (see for example [19-24] and references therein). 
This is usually done by considering a propagation of the superstring with the time 
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coordinate being Wick rotated and compactified on a circle. The radius (3 of the 
compactified Euclidean time is inverse to the temperature T, i.e., 



X^(a, r) = H h — — + osc. 



(5.1) 



The corresponding free energy is expressed as an integral over the fundamental do- 
main of the torus [22] 



F 

V 4 



n,m£Z 



Here is a spatial volume and the usual 5*0(8) characters are modified according to 

Opsin, m) - ejUiin, m) ^ _ ^p2{n, m) + efUi{n, m) 



where 



2r/4 



Ui{n, m) - 


-V 


-1 + 


(-i)" + (-i)™+ 


(-1)"+"^) 


U2{n,m) 


1 

= 2 




_!)« + (_!)- + ( 


-1)"+"^), 


U3{n,m) 


1 

= 2 




_!)- + (_!)-_( 


-1)"+'"), 


Ui^n, m) 


1 

= 2 




_!)"_(_!)- + ( 


-1)"+"^), 



(5.2) 
ng to 

(5.3) 
(5.4) 



and 



Sp{n,m) 



[m^ + ^^|t|^ — 2Tinm) 



The modular invariance of (15.21) can be easily checked using the rules 



(5.5) 



Ui (n, m 
Usi^n, m 
Ui{n, m 
Usi^n, m 
Sfj{n, m 



_5 Ui{m,—n) 
_S U'iim, —n) 
T_ f/i(n, m — n) 
U/^{n, m — n) 
S Spim, —n) 



U2{n, m 
Uiin, m 
U2{n, m 
U^ln, m 
S(3{n,m 



Ui^m, —n) 
_5 U2{m, —n) 
U2{'n, m — n) 
(/^{n, m — n) 
T Sp{n,m — n) 



(5.6) 



As a result of the compactification on the circle the mass-shell condition for the 
heterotic string gets modified by the terms which involve the temperature 



R 



1 1 ,1X171 nd , 
^-2 + 2<--2^)- 



Ml 



1 ,7im n3 



(5.7) 
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where m is allowed to assume also half-integer values [22]. As a result of the presence 
of the functions Ui{n,m) in the partition functions, the usual GSO projection gets 
modified and certain states which have been projected out at zero temperature may 
reappear, such as for example N = N = and n = l,m = i. Due to the dependence 
on P in the mass-shell equations these states become tachyonic at certain temperature 
(Hagedorn transition) indicating the instability of the system at high energies. 

Now one can follow the same lines as for the case of T = 0. Let us note that the 
modification comparing to the case of T = is (Vg — Sg) (Vs — Ss)e~^>^ , whereas 
the right part of the partition function with nonzero temperature is the same as in 
(14. 2p . ( 14.411 ■ (14.511 and we shall not spell it out explicitly. After applying consequently 
Z2, S and T transformations on (Vg — Ss) one gets therefore: 

• For Zoo in eq. ( 14. II) . [V4O4 + O4V4 — 8484, — C4C4] is substituted by 

^ J2^u,elel - u.ejel - u^ejel - u,elel)e~'^ (5.8) 

• For Zoh in eq. ((421), [ - V^O^ + O4K1 + 5'4S'4 - C4C4] is substituted by 

^ Y.^U,dldl - U,9l9l - U^ele', - U,9l9l)e-''^ (5.9) 

m,n 

• For Z^o in eq. (14.41) . [ — V4C4 + 5*4 V4 — 045*4 + C4O4] is substituted by 

^ Y.^Us9l9l - U29l9l - U,9l9l - U,9l9l)e-'^ (5.10) 

• For in eq. (14.51) . [ — V4C4 + 6*4 V4 + 04S'4 — C4C4] is substituted by 

^ J2(Us0l9l - U,9l9l - U,9l9l - U,9l9l)e-'^. (5.11) 

' m,n 

Now having the partition function one can study in detail the corresponding high 
energy thermodynamics following the lines of [24]. On the other hand, having in- 
troduced the temperature dependence into the partition function, one can consider 
a more general orbifold projection compared to the one which has been done in the 
section [3l Namely, one can make the sign in the projection ( 13. 2p to depend on the 
integers n and m, which corresponds to the "compactified" time direction. In other 
words, one can introduce the temperature dependence into the orbifold projection as 
well. In this case one can consider a certain duality between two a priory different 
models considered above. A particular choice of the + sign in (13. 2p if both m and 
n are even and of the — sign if at least one of m and n is odd leads to the modular 
invariant partition function which is a superposition of the partition functions Z'_ 
(for m, n even) and Z_ (for at least one of m, n is odd). In this particular model one 
has the gravity and Yang-Mills fields from the model described by Z'_, whereas the 
massive excitations are described by the ones of both Z'_ and Z_. 
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6 Conclusions 



In this paper we studied orbifolds of the heterotic Eg x Eg string in which the 
graviton is projected out. Our starting point is the partition function of the E^ x Eg 
heterotic-string compactified on a six torus T'^ x T"^ x T'^. Our Z2 x Z2 orbifold 
includes a specific shift- orbifold projection which acts on an internal circle coupled 
with the fermion numbers of the gauge degrees of freedom. The action of this orbifold, 
in general, results in the breaking of Eg x Eg to S0{16) x S0{16) and reproduces the 
equivalent breaking in the quasi-realistic free fermionic models, where it is realised 
by a discrete choice of a generalised GSO phase. Our paper clarifies in this sense the 
relation between free fermion models and orbifold models. The breaking induced by 
the orbifold of eq. (12.151) can be implemented in constructions of quasi-realistic orb- 
ifold models. The phenomenological advantages that it may offer over conventional 
Wilson-line breaking is in the Higgs-matter splitting [6]. We then studied variations 
of this Z2 X Z2 orbifold by modifying the sign of the orbifold and constructing the 
modular invariant partition function. Additionally, we studied a Z2 projection which 
acts on four out of six coordinates of the compactified torus. 

Depending on the sign of the generator of the orbifold groups one gets different 
models. The resulting models are modular invariant. They possess = 4, or = 2, 
space-time supersymmetry and have rather different low energy spectra. While the 
first contains the graviton and the gauge vector bosons among its massless excitation, 
the second model has neither graviton nor Yang-Mills fields in the massless spectrum, 
anywhere in the moduli space, owning to the absence of the OiqOiq character in the 
partition function. In the third model that we introduced the OigOig character does 
appear in the partition, but couples to the lattice term A2m+i,n, which is massive at a 
generic point in the moduli space. It is tempting to conjecture a closer connection of 
the latter two models with the little string theory, where the graviton is also consis- 
tently decoupled, without taking the low energy limit a' — ^ 0. A more detailed study 
of the thermodynamics of the model could hopefully give some more insight into a 
possible connection with little string theories, where the high energy thermodynamics 
has been studied extensively [8,9]. We have further seen that the massive spectrum 
in the resulting partition functions does not admit the conventional spin-statistics as- 
signments. In the third model this is clearly the case, as the terms with the "wrong" 
statistics couple to a lattice term, with winding modes shifted by 1/2, whereas in the 
second case closer examination of the relevant characters shows that this is indeed 
the case. We therefore see a connection between the projection of the graviton and 
the reversal of the usual spin-statistics assignments in the massive string spectrum. 
Curiously enough, the massless terms still preserve the conventional spin-statistics 
assignments. Clearly, the absence of the graviton and the gauge vector bosons, as 
well as the mismatch of the spin-statistics, mean that these models are not physical 
vacua. We articulated that this indicates the existence of ghosts in these models, but 
owning to the existence of the Jacobi identity on the supersymmetric side and the su- 
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persymmetric nonrenormalisation theorems, their partition functions correspond to 
mathematically consistent solutions for one-, as well as multi-loop, amplitudes. One 
may question whether the correct spin-statistics assignments need to hold for the 
massive string spectrum. The change of the conventional spin-statistics assignments 
in the massive string spectrum may indicate the breaking of Lorentz covariance, a 
tenant of local quantum field theories, above the string scale. 

We briefly discussed the generalization of our orbifold models to the case when 
the orbifold projection depends on the temperature. This generalization allows in a 
certain sense to combine the two models under the consideration. In this case the 
gravity and Yang-Mills theories appear at the low energy spectrum while the massive 
excitations are described by the ones of both models. 

The string solutions presented in this paper are clearly non-conventional. In 
string constructions to date the correct spin-statistics assignment for all string states 
is taken as a pivotal requirement. However, our view is that our understanding of 
string theory is still very rudimentary. Its varying features should be explored and 
"conventional wisdom" be challenged in order to gain deeper insight. The existence 
of mathematically consistent string solutions, which do not contain gravity, possibly 
coupled with a breakdown of Lorentz covariance above the string scale, suggests an 
interesting scenario. Namely, gravity and local gauge theories as emerging effective 
field theories below the string scale. 
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